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Decision making

Section 1

Decision making
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Decision making

Setup: Inference and Uncertainty Quantification

Let X = (X1, · · · ,Xn) denote the observable data.

A statistical model {Pθ : θ ∈ T} is introduced to quantify aleatory
uncertainty.

When X = x is observed, θ 7→ pθ(x) is the likelihood function.

The “true value” of the unknown model parameter will be denoted by
Θ.

The goal, then, is to quantify uncertainty about Θ, given the
observation X = x .
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Decision making

Decision-making

Let (θ, a) 7→ ℓa(θ) denote a loss function that measures the loss
incurred by choosing the action a ∈ A when the parameter is θ.

If the true parameter is known, a∗ = argmina∈A ℓa(Θ).

When the true parameter is unknown, we need a model to quantify
uncertainty about Θ and to find the expected loss.

Decision-making is essentially a ranking strategy—picking the action
that minimizes the expected loss.

Two important goals of decision-making are finding the optimal
action and reliable uncertainty quantification for risk assessment.
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Decision making

Bayesian (probabilistic) decision-making

Posterior comes from likelihood and prior:

Qx(dθ) ∝ pθ(x)Q(dθ).

Expected loss is integrated from the posterior distribution. For an
action a and loss function ℓa(θ),

Qxℓa =

∫
ℓa(θ)Qx(dθ).

The optimal action is usually the one minimizing the loss:

a⋆ = argmin
a

Qxℓa.
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Decision making

Example: Normal distribution

Data: X n iid∼ N(Θ, 1), assume squared loss

Bayesian model:

Prior: Θ ∼ N(0, τ 2)

Posterior: Qx ∼ N
(
θMAP,

τ 2

1+nτ 2

)
, where θMAP = nτ 2

1+nτ 2X n.

Expected Bayes loss: (θMAP − a)2 + τ 2

1+nτ 2 .

Expected IM loss: (X n − a)2 + 2
∣∣(X n − a)

∣∣m(p) + v(p), where
m(p) =

∫
|z |p(z)dz , v(p) = var(Z ), Z ∼ N(0, 1n ).

Oracle loss: (Θ− a)2
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Decision making

Comparing risk assessment

One random draw of n = 10 from Normal(0, 1) and then calculate
losses from some actions a ∈ [−5, 5].
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Decision making

Problem of over-confidence

Under-estimating risk is dangerous and can lead to systematic loss.

Betting and long-term loss in the sense of de Finetti’s framework.

This is related to the false confidence theorem:

Bayes solutions, including those based on default-priors, and fiducial
solutions are unreliable in that they can assign high posterior
probability to hypotheses that are false. (Balch et al. 2019).

The core problem is additivity.
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Decision making

How do we fix the problem?

Additivity is the root cause of false confidence. We need
non-additivity, which means going outside the probabilistic
framework.

We need some sense of reliability guarantee, i.e. aleatory
uncertainty quantification.

We will use possibilistic inferential models,1 constructed in the
possibilistic framework and not afflicted with false confidence.

1Martin & Liu (2013), Martin (2026)
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Possibilistic Inferential Models

Section 2

Possibilistic Inferential Models
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Possibilistic Inferential Models

Possibilistic Inferential Models (IMs)3

Relative likelihood:

R(x , θ) =
pθ(x)

supϑ pϑ(x)
, with sup

θ
R(x , θ) = 1.

Possibilistic contour function:

πx(θ) = Pθ{R(X , θ) ≤ R(x , θ)}.

Then the corresponding possibility measure,2 or upper probability, is
defined as

Πx(H) = sup
θ∈H

πx(θ), H ⊆ T.

2Dubois & Prade (1988)
3Martin & Liu (2013), Martin (2026)
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Possibilistic Inferential Models

Possibility contour function
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Possibilistic IMs can quantify epistemic uncertainty.

For H : θ ∈ [−2,−0.5],Πx(H) = sup−2≤θ≤−0.5 πx(θ) ≈ 0.617.
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Possibilistic Inferential Models

Key properties

The IM construction has the validity property:

sup
Θ∈H

PΘ{ΠX (H) ≤ α} ≤ α, α ∈ [0, 1]. (1)

It’s a small probability event that the IM assigns small upper
probability to a true hypothesis.

The upper α set of the possibility contour

Cα(x) = {θ ∈ T : πx(θ) > α}, α ∈ [0, 1]

is a 100(1− α)% frequentist confidence set.
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Possibilistic Inferential Models

“Imprecision” in IMs

A lower probability (necessity measure) also exists.

Π

x(H) = 1− Πx(H
c).

IMs are data-dependent and imprecise-probabilistic:

x 7→ (
Π

x ,Πx)

A credal set

C (Πx) = {Qx ∈ probs(T) : Qx(·) ≤ Πx(·)} (2)

characterizes the correspondence between IMs and precise
probabilities.
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Section 3

Use IMs in decision making
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Use IMs in decision making

Use IMs in decision making5

Expected IM loss is calculated by the Choquet integral:4

Πxℓa =

∫ 1

0

{
sup

θ:πx (θ)>s
ℓa(θ)

}
ds

= sup {Qxℓa : Qx ∈ C (Πx)}

This is the upper expectation and essentially the upper bound of
the expected loss from the credal set (2).

The optimal action is the minimizer of the Choquet integral.

â(x) = argmin
a

Πxℓa.

This follows the minimax principle!
4Troffaes & de Cooman (2014)
5Martin (2025), Martin et al. (2026)
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Use IMs in decision making

Application 1: Gamma model

The gamma distribution is commonly used as a model for
time-to-event data, e.g., in survival or reliability analysis.

X = (X1, . . . ,Xn) ∼ Gamma(Θ1,Θ2),Θ1 > 0,Θ2 > 0.

Consider the data in Example 3 of Fraser et al. (1997) on the survival
time (in weeks) for n = 20 rats exposed to a certain level of radiation.

For the decision-making problem, we focus here on estimating the
shape using the loss

ℓa(θ) = (log a− log θ1)
2, a > 0.
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Use IMs in decision making

Application 1: Gamma model
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Use IMs in decision making

Application 2: Laplace’s rule of succession

Sunrise problem; X ∼ Bin(n, θ), X = n. MLE = 1.

Laplace’s rule of succession: âLAPLACE = n+1
n+2 .

This agrees with the Bayes solution with uniform prior and the
squared loss ℓa(θ) = (a− θ)2.
With IM constructions:

R(x , θ) =

(
nθ

x

)x (
n(1− θ)

x

)n−x

.

πn(θ) =
n∑

k=0

1 {R(k, θ) ≤ R(n, θ)} · fk(θ),

where fk(θ) is the probability mass function of a X = k with the
probability of success θ.

âIM = argmin
a

Πxℓa = argmin
a

∫ 1

0

sup
θ:πn(θ)>s

(a− θ)2 ds.
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Use IMs in decision making

Application 2: Laplace’s rule of succession
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Section 4

Theoretic properties
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Theoretic properties

Finite-sample validity

This is an extension from the validity property in (1).

Let ℓa : T → [0,∞) be a non-negative loss function, and define

R(x ,Θ) = inf
a∈A

Πxℓa − ℓa(θ̂x)

La(x ,Θ)− ℓa(θ̂x)
≥ 0, (3)

where La(x ,Θ) is

La(x ,Θ) = sup{ℓa(θ) : πx(θ) > πx(Θ)}, (4)

and θ̂x is the maximum likelihood estimator of Θ.
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Theoretic properties

Finite-sample validity

Theorem (Validity for Risk Assessment)

sup
θ

Pθ{R(X , θ) ≤ α} ≤ α, for all α ∈ [0, 1]. (5)

This also implies the simpler-but-weaker result

sup
θ

Pθ

{
inf
a∈A

ΠX ℓa
La(X , θ)

≤ α
}
≤ α, for all α ∈ [0, 1].
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Theoretic properties

Large sample efficiency

Theorem

Assume the regularity conditions as in Section 3.2 of Martin & Williams
(2025) and summarized in Appendix A.2 of Martin et al. (2026). For each
a ∈ A, let ℓa be a non-negative and continuous function with compact
support. Then ΠX nℓa → ℓa(Θ) in PΘ-probability as n → ∞, for each
action a ∈ A. Moreover, if the collection {ℓa : a ∈ A} is uniformly
bounded and equicontinuous, then the convergence is uniform in actions,
i.e., supa∈A

∣∣ΠX nℓa − ℓa(Θ)
∣∣ → 0 in PΘ-probability as n → ∞.
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Theoretic properties

Summary

We developed a framework for decision-making under uncertainty based on
possibilistic IMs.

We define the IM’s risk assessment, a 7→ Πxℓa, to be an upper
expectation or Choquet integral.
Different actions a can be compared using a natural variation of the
minimize-expected-loss principle.

Finite-sample validity property: We show that ΠX ℓa tends to not be
smaller than the oracle assessment, uniformly over actions a, thus giving the
IM a sense of reliability in the decision-making context.

A large-sample result establishes that the IM’s decision-making safety isn’t
a consequence of making grossly conservative assessments.

Lots of numerical results are presented to back up the conceptual and
theoretical developments mentioned above.
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Theoretic properties

Thank you!

Website: https://snprim.github.io/
Email: sprim@ncsu.edu

Email: prims@wfu.edu
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Appendix

Appendix: Finite-sample validity

Proof.

Define the function

hx ,a(s) = sup
θ:πx (θ)>s

ℓa(θ), s ∈ [0, 1], (6)

so that the Choquet integral Πxℓa is just a Riemann integral of hx ,a. It’s
clear that s 7→ hx ,a(s) is decreasing, which implies that, for any θ,

Πxℓa =

∫ 1

0
hx ,a(s) ds

=
(∫ πx (θ)

0
+

∫ 1

πx (θ)

)
hx ,a(s) ds

≥ πx(θ) hx ,a(πx(θ)) + {1− πx(θ)} hx ,a(1),
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Appendix

Appendix: Finite-sample validity

where hx ,a(1) = ℓa(θ̂x). Since La(x , θ) = hx ,a(πx(θ)), it follows that

R(X ,Θ) ≤ α ⇐⇒ ΠX ℓa − ℓa(θ̂X ) ≤ α {La(X ,Θ)− ℓa(θ̂X )}
=⇒ πX (Θ) {La(X ,Θ)− ℓa(θ̂X )} ≤ α {La(X ,Θ)− ℓa(θ̂X )}
⇐⇒ πX (Θ) ≤ α.

Validity implies the latter event has PΘ-probability ≤ α, which proves (3).
The simpler, second inequality (5) holds because we can ignore the
non-negative “{1− πx(θ)}hx ,a(1)” in the lower bound for Πxℓa stated
above.
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Appendix: Expected Bayes loss

Data: X n iid∼ N(Θ, 1)

Prior: Θ ∼ N(0, τ2)

Posterior: Qx ∼ N
(
θMAP,

τ2

1+nτ2

)
, where θMAP = nτ2

1+nτ2
X n.

Expected Bayes loss:

Qxℓa =

∫
(θ − a)2qx(θ)dθ

=

∫ [
(θ − θMAP)

2 + (θMAP − a)2
]
dθ

= (θMAP − a)2 +
τ2

1 + nτ2
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Appendix

Appendix: Expected IM loss

πx(θ) = 2
{
1− P(

√
n|X n − θ|)

}
.

Πxℓa =

∫ 1

0
sup

θ:2{1−P(
√
n|X n−θ|)}>s

(a− θ)2ds

=

∫ 1

0
max

{
X n − a± P−1(1− s

2
)
}2

ds

=

∫ 1

0

{
|X n − a|+ P−1(1− s

2
)
}2

ds

=

∫ ∞

−∞
(|X n − a|2 + |z |)2p(z)dz

= (X n − a)2 + 2
∣∣(X n − a)

∣∣m(p) + v(p),

where m(p) =
∫
|z |p(z)dz , v(p) = var(Z ), Z ∼ N(0, 1n ), X n = 1

n

∑n
i=1 Xi .
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Appendix

Consider a = X n, Θ = 0

Expected Bayes loss:

E[Qxℓa(θ)] =
τ2

1 + nτ2
+ E[(θMAP − X n)

2]

=
τ2

1 + nτ2
+ E

[(
nτ2

1 + nτ2
− 1

)2

X
2
n

]
=

(
nτ2

1 + nτ2
+

1

(1 + nτ2)2

)
︸ ︷︷ ︸

=: h(nτ2)

·1
n
<

1

n
.

h(nτ2) < 1 for nτ2 ∈ (0,∞).
Expected IM loss:

E
[
(X n − a)2 + 2

∣∣(X n − a)
∣∣m(p) + v(p)

]
= v(p) =

1

n
.

Oracle loss: (0− X n)
2 = X

2
n; E (X n)

2 = 1
n .
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